JOURNAL OF APPROXIMATION THEORY 6, 387-390 (1972)

On the Behavior of Best Uniform Deviations

S. J. POREDA

Department of Mathematics, Clark University, Worcester, Massachusetts 01610
Communicated by Oved Shisha
Received August 24, 1970

DEDICATED TO PROFESSOR J. L. WALSH
ON THE OCCASION OF HIS 75TH BIRTHDAY

1. INTRODUCTORY REMARKS AND DEFINITIONS

For a continuous complex-valued function f defined on a compact set £
in the plane and for n€ Z+ = {0, 1, 2,...}, let p,(f, E) denote the polynomial
of degree n of best uniform approximation to fon E and let

palf, E) = max | f(z) — pu(f, EX2) = | f — palf; E)lle -
Also, if fis not itself a polynomial of degree n on E, let

pa(fs EX2) = [f(2) — pulf; EX2))Ipalf, E).

Since the functions {u,(f, E)};-, are all of (uniform) norm one on E, a
question which naturally arises is whether or not these functions converge on
E, and if they do (or don’t), what this implies about the function f with
respect to the set E. In particular, we shall restrict ourselves to the unit
circle U. The following examples will serve to shed light on the above question
in this special case.

2. EXAMPLES

Let f(z) = 1/(z — a) and as above, let U = {| z| = 1}. There are two
cases.
Case 1 [1]. If |a| > 1, then p,(f, U)z) = €'®(1 — az)/{(z — a), where
8, = —n-arg(a).
Case 2 [4]. If|al < 1, then p,(f, U)z) = (1 — @az)/(z — a), for all n.
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Thus we see that in Case 1., the sequence {u,(f, U)}no does not converge
on U while in Case 2., it does. On the basis of these examples one might
guess that if f is not analytic for | z| << 1 then this sequence converges, and
conversely. Also, one might ask if the total change in the argument of
#a(f, UX2) on U tends to oo as n increases if f is analytic for | z| < 1, and
again conversely. Our first theorem partially answers the first of these two
questions.

3. MaIN REsuLTS

THEOREM 1. If f(2) is analytic in the unit disk D = {| z | < 1} and con-
tinuous in D and not itself a polynomial, then the sequence {u,(f, U)}r_, does
not converge uniformly on U.

Proof. By our hypothesis the functions {u.,(f, U)};_, are analytic in D and
continuous in D. Consequently, if this sequence of functions were to con-
verge uniformly on U to some function L(z), then this function would like-
wise be analytic in D and continuous in D. Furthermore, by a theorem of
Walsh [5, p. 36], the function L(z) would be the uniform limit of polynomials
on U and so for any €, 0 << € < 1, there exists an N € Z*+ and polynomial g,
of degree N such that

1 L(2) — pn(f, U@y <€/2 and || L(2) — gn(2)lly <1 — e

It then follows that

| n(fs UNz) — qu(2)llv < 1 — €/2, which implies:
1/(2) — pn(f, UN2) — palf, U) qu(@)llv < (1 — €/2) pu(f; U),

contrary to the definition of p,(f, U) and our assumption that f is not a
polynomial.
The following corollary follows by the method of proof of Theorem 1.

COROLLARY. Suppose f(z) is a function continuous on U and not itself a
polynomial. If the sequence {u,(f, U)z)}y, converges uniformly on U to a
Sfunction L(z) then p,(L, U) = 0 for all n.

Using the above corollary we can further characterize the limit function
(if it exists) of the sequence {u,(f, U)}r, , but first we require the following:

LemMmA. If @D(2) is continuous on U and p (D, U) =0 for all n, then
| §(z)] = K for all z € U and for some constant K = 0.
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Proof. Suppose for some zy € U, | D(zy)] < || D@ lly . Then there exists an
open connected arc I C U such that for ze I', ®(z)| < || @ ||y — € for some
€ > 0. Now U — I'is a closed connected arc on which @ is continuous, and
so by [5, p, 36] there exists polynomial g,(z) of some degree N for which
| D(z) — qn(@)lyr <! DP|ly — e Choosing A, 0 < A < 1, such that
Al gx llv < €/2, we have

TP — Myllor <A —=MIPly + M Plly — &) = Pliy — Ae,
and

D — Agunilr <IHPlr+ Aignlly <l Pliy — €/2.

Thus, | P — Mgy llv < @iy and so py(P, U) = O contradicting our hypo-
thesis.

THEOREM 2. Suppose f(z) is continuous on U and not itself a polynomial.
If the sequence {u.(f, U)}>_, converges uniformly on U to L(z), then | L(z)] = 1
for all z € U. Furthermore, if f(z) is in addition meromorphic in D then L(z) is
of the form

L(z) = ezt ﬁ [(1 — a2)/(z — aj)],
i=t

where te Z+, |a; | # 1 for j = 1,2,... k, and where | a;| <1 for at least
one j.

Proof. By the corollary to Theorem 1, p,(L, U) = 0 for all n € Z+, and so
the first part of our theorem follows from the previous lemma. If, in addition,
f(z) is meromorphic in D then so is L(z) and thus L(z) cannot be analytic in
D for otherwise this would mean that for some », p,(L, U) = 0. Finally, one
can easily show, using Réuche’s Theorem, for instance, that a function
meromorphic in D and having constant modulus one on U must be of the
desired form.

4. REMARKS

Whether or not the converse of Theorem 1 is true is still open as is the
question relating the behavior of the argument of w,,(f, U) with the analyticity
of finside U. However, Theorem 2 suggests that the long-standing result of
Caratheodory and Fejér [3] (also see [2]) concerning k-fold restricted poly-
nomials may be generalized to include best approximation to rational func-
tions.
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